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Berge’s strong perfect-graph conjecture states that a graph is perfect iff it has 
neither C,,, nor &,+, , n > 2 as an induced subgraph. In this note we establish 
the validity of this conjecture for (K4 - e)-free graphs. 
Let G = (V, E) be a simple (ordinary) graph with V and E its vertex set 
and edge set, respectively. G is said to be perfect if U(H) = B(H) (equivalently 
w(H) = x(H)) for every induced subgraph H of G, where a, 8, w, and x 
denote, respectively, the independence number (stability number), the partition 
number, the density (maximum clique size), and the chromatic number. G is 
called critical if G is not perfect and G - v is perfect for every v E V. For 
v E V, let N(a) = { u E V 1 uu E E}. Let & - e denote the graph obtained 
from K4 by removing an edge e from it. We say G is (I& - e)-free if it has no 
induced subgraph isomorphic to K4 - e. If U _C V, (U> denotes the induced 
subgraph of G on U. A set of minimum number of point-disjoint complete 
subgraphs covering the vertices of G is called a O-cover for G. 
The following lemma, which is used in the proof of Theorem 1, is essentially 
the same as Corollary 4 in [l]. 
LEMMA 1. For every v E V, in a critical gruph G, each member of a O-cover 
for G - v is a clique of size o. 
We need the following additional lemmas, whose obvious proofs are 
omitted. 
LEMMA 2. If G is triangle-free and ifit has an odd cycle then it has an odd 
induced cycle of length 25. 
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LEMMA 3. If G is (K4 - e)-free and Q is any clique (~ax~~a~ ~o~~~~t~ 
~~~g~ap~) of 6, then for every v E V(G)\V(Q), v is adjacent at the most to one 
We now prove the main theorem. 
THEOREM 1. IfG is a (K4 - e)-free c~itica~g~~ph then G = C2nfl ) az 2 2. 
+PRx$ If w(G) = 2, then the theorem is obviously true (see, e.g., Corollary 
2 in [I]). 
Suppose o(G) 3 3. Let u1 E V(G) and vk E N(v,). Let 77 and a~’ be, respec- 
tively, some @-covers of G - v1 and G - vlC . We prove that there is an induced 
path P,, with 201 points in G - vk with edges alternately from members of ii;’ 
and T (here 01 = a(G)). 
Let Qp be the clique of T’ containing v1 and let v2 E V( 
be the clique of fl containing v2 . By Lemma 2, uzvk if: E and by repeate 
applications of the same lemma, we see that Q1 and Q2; have 
and no point of V(Q2 - vz) is adjacent to any other poi 
E V(Qz - vz) and Q3 be the member of T’ containing vs. Then 
2 have only v3 in common and since vI can be adjacent to at most 
of Q, (Lemma 3) and / V(Q31 >, 3 (Lemma I) there exists a point 
3- v3) such that v1v4 $ E. Let Q4 be the clique of TT cQ~tai~in~ zig ~ 
has only vq in common with Q3 and there exists a uj E Q4 not adjacent 
emma 3). If v5 is adjacent to vl, ({vI , uz, v3, vg 1 v5)) is an odd 
mduced cycle in G - vk , contradicting the criticality of G. 
In the construction so far we have P5 = vIv2v3v4v5 LO be an induced path of 
. In the subsequent paragraphs we show by an inductive-type ~r~~e~~ 
that if Pt is such an induced path obtained he above construction, 
t < 2ul, then Pt can be extended to Pt+l , e, two cases have to b 
sidered: t even and t odd. We give the det proof for t even as the other 
case is similar. 
201 and t even. Then there exists a Qt E TT such that 
{ t-z} C z-. Let A and B, respectively, denote the set of 
subscripted and even-subscripted vertices of Pt - vt ~ 
We first prove that A n N(w) = o, for every VJ E V(Q - Ok). 
Suppose this is not true. Let v, be the last point of Pt which is in A n N(w). 
y Lemma 3, v, + II-, and WV,+~ $ E. This together with the fact that the 
subpath z?,~v,+~ ... vt is an induced one, i 
<(a, f v,+~ ,..., vt , w}) does not contain a trian 
cycle. Therefore, by Lemma 2, H contains an odd induced cycle of length 
35. This contradicts that G is a critical graph. 
Next we prove that there exists a ot+r E V(Q, - VJ such that N(v,+,) n B = 
@. If this is false, then for every w E V( 6 - v,), N(w) n B f !a. Since 
t)i = w(G) > 3, there exist at least tw such vertices, say w1 and w, in 
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et - vt * Let Bl = N(w,) n B and B, = N(w,) n B. Clearly, because of 
Lemma 3, Bl n B, = m. Let v, E Bl , v, E B, and without loss of generality 
let s > r. Let H = {{v, , v,+~ ,..., v,, wl, IV&. Since wl and w2 are not 
adjacent to any odd-subscripted vertex in the subpath P,., = v,.v,+~ se* v, , 
and PTs is an induced subpath of Pt in G and Bl IT B, = 0, H does not 
contain a triangle. Also, w1 v, v,+~ a** v, IV, is an odd cycle. Hence, by Lemma 
2, R contains an odd induced cycle of length 25, a contradiction to the fact 
that G cannot have C,,,, (n > 2) as a proper induced subgraph. 
This proves that vlvz ,..., vtvtfl is an induced path in G - vk with the 
required property. 
Thus, the existence of an induced path Pzw with the edges alternately in rrl 
and rr, is established. 
Let A’ and B’ be the set of odd- and even-subscripted vertices in Pzly . 
Clearly, j B’ 1 = 01. This implies that there exists a point v, E B such that 
v,vk E E. Let H = ({vl , v2 ,..., v, , vk}). By arguments similar to those 
earlier, it is easily seen that H does not contain a triangle. Since H contains 
the odd cycle vlv~ -a* v,vk , by Lemma 2, it contains an odd induced cycle 
c 2n+l , n 3 2. By criticality of G it follows that G = C21a+l , n 2 2. 
The following theorem, which is essentially an affirmative answer to the 
strong perfect graph conjecture for (& - e)-free graphs, is an immediate 
consequence of the above theorem, 
‘THEOREM 2. If G is (K4 - e)-free and if G has no C21a+l , n 3 2 as an 
induced subgraph, then G is perfect. 
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